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Abstract
In this paper, some identities between the Catalan, Motzkin and Schro¨der numbers are obtained by using the Riordan group.
We also present two combinatorial proofs for an identity related to the Catalan numbers with the Motzkin numbers and an identity
related to the Schro¨der numbers with the Motzkin numbers, respectively.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The Catalan, Motzkin and Schro¨der numbers have been widely encountered and widely investigated. They appear
in a large number of combinatorial objects, see [11] and The On-Line Encyclopedia of Integer Sequences [8] for more
details. Here we describe them in terms of certain lattice paths.
A Dyck path of semilength n is a lattice path from the origin (0, 0) to (2n, 0) consisting of up steps (1, 1) and
down steps (1,−1) that never goes below the x-axis. The set of Dyck paths of semilength n is enumerated by the n-th
Catalan number
cn = 1n + 1
(
2n
n
)
(sequence A000108 in [8]). The generating function for the Catalan numbers (cn)n∈N is
c(x) = 1−
√
1− 4x
2x
.
A Motzkin path of length n is a lattice path from the origin (0, 0) to (n, 0) consisting of horizontal steps (1, 0),
up steps (1, 1) and down steps (1,−1) that never goes below the x-axis. The set of Motzkin paths of length n is
enumerated by the n-th Motzkin number, denoted by mn (sequence A001006 in [8]). The generating function for the
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Motzkin numbers (mn)n∈N is
m(x) = 1− x −
√
1− 2x − 3x2
2x2
.
For convenience, we define m−1 = 1 and let
m̂(x) =
∑
n≥0
mn−1xn = 1+ xm(x) = 1+ x −
√
1− 2x − 3x2
2x
.
A Schro¨der path of semilength n is a lattice path from the origin (0, 0) to (2n, 0) consisting of double horizontal
steps (2, 0), up steps (1, 1) and down steps (1,−1) that never goes below the x-axis. The set of Schro¨der paths of
semilength n is enumerated by the n-th large Schro¨der number (in what follows just Schro¨der number), denoted by
sn (sequence A006318 in [8]). The generating function for the Schro¨der numbers (sn)n∈N is
s(x) = 1− x −
√
1− 6x + x2
2x
.
The three sequences are closely related. For example, the Catalan numbers are related to the Motzkin numbers by
cn+1 =
n∑
k=0
(n
k
)
mk, n ≥ 0; c0 = 1. (1)
The formula has been derived by Bernhart [1] using a difference operator. By using 2-Motzkin path, a combinatorial
proof is implied by Deutsch [2]. The Schro¨der numbers are related to the Catalan numbers by
sn =
n∑
k=0
(
2n − k
k
)
cn−k, n ≥ 0. (2)
The formula is directed. Suppose that a Schro¨der path of semilength n contains k horizontal steps. We can reduce a
Dyck path of semilength n − k by removing all the horizontal steps. Conversely, given a Dyck path of semilength
n − k, we can reconstruct
(
2n−k
k
)
Schro¨der paths of semilength n by inserting k horizontal steps. The reader can find
more relations in Bernhart [1], Donaghey and Shapiro [3] and Sulanke [12].
In the present paper, we will give more relations between the Catalan, Motzkin and Schro¨der numbers by the
Riordan group theory in Section 2. In Section 3, we will give another combinatorial proof for the identity (1). In
Section 4, we will give a combinatorial interpretation for an identity relating the Schro¨der and Motzkin numbers.
2. Riordan group and some identities
In 1978, Rogers [6] introduced the concept of renewal array. Shapiro et al. [7], and Sprugnoli [9,10] further
generalized the concept under the name of Riordan array, and developed the Riordan group theory. Now we give
a brief introduction to the related notations.
A Riordan array R = (ri, j )i, j≥0 is an infinite lower triangular matrix whose k-th column has generating function
g(x) f k(x), where k = 0, 1, 2, . . . and g(x), f (x) are generating functions, denoted by R = (g(x), f (x)). Suppose
we multiply the matrix R = (g(x), f (x)) by a column vector (a0, a1, . . .)T and get a column vector (b0, b1, . . .)T.
Let a(x) and b(x) be the generating functions for the sequences (an)n∈N and (bn)n∈N , respectively. The method of
Riordan arrays asserts that b(x) = g(x)a( f (x)), or equivalently, bi =∑ j≥0 ri, ja j .
Riordan group R = {R|R = (g(x), f (x)) is a Riordan array, and g(0) = 1, f (0) = 0, f (1) 6= 0}. The
multiplication inR is
(g1(x), f1(x)) ∗ (g2(x), f2(x)) = (g1(x)g2( f1(x)), f2( f1(x))).
The identity is (1, x). The inverse is
(g(x), f (x))−1 =
(
1
g( f¯ (x))
, f¯ (x)
)
,
where f¯ (x) is the compositional inverse of f (x), i.e. f ( f¯ (x)) = f¯ ( f (x)) = x .
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Riordan arrays provide a method to solve many combinatorial sums by means of generating functions. For example,
we review the identities (1) and (2) from the Riordan array point of view. Let the Riordan array
A =
(
1,
x
1− x
)
.
Since the generating function of sequences (mn−1)n∈N is m̂(x), it follows that
1 · m̂
(
x
1− x
)
= c(x).
Thus we obtain the identity (1). Let the Riordan array
B =
(
1
1− x ,
x
(1− x)2
)
.
Using the same method, we can obtain the identity (2). Now we further set up the relation between the Schro¨der and
Motzkin numbers by using the method of Riordan array.
Theorem 1. For n ≥ 0, we have the following formula:
sn =
n∑
k=0
sn,kmk−1, (3)
where the generating function of (sn,k)n∈N equals 11−x ·
(
x
1−3x+x2
)k
, k = 0, 1, 2, . . ..
Proof. By the multiplication of the Riordan array, we obtain a new Riordan array by
C = B ∗ A =
(
1
1− x ,
x
(1− x)2
)
∗
(
1,
x
1− x
)
=
(
1
1− x ,
x
1− 3x + x2
)
.
Then we have the desired result since
s(x) = 1
1− x · m̂
(
x
1− 3x + x2
)
. 
For the general term sn,k of Riordan array C , we give a combinatorial representation in Section 4. In the case of
k = 1, it is the sequences A027941 in [8], that is, sn,1 = f2n+1 − 1, where fn is the Fibonacci number.
The problem of inverting combinatorial sums is interesting, for example, Riordan [5], Gould and Hsu [4] studied
some inverse relations. The Riordan group allows us to invert the elements in the group, and give the invertible
transformations. Now we consider the inversion of the identities (1)–(3).
Let the Riordan array
D = A−1 =
(
1,
x
1− x
)−1
=
(
1,
−x
1+ x
)
.
Then we have the Motzkin numbers related with the Catalan numbers by
mn =
n∑
k=0
(−1)n−k
(n
k
)
ck+1. (4)
In fact, the formula (1) and (4) are the special case of invertible transformation
bn =
n∑
k=0
(n
k
)
ak ⇐⇒ an =
n∑
k=0
(−1)n−k
(n
k
)
bk,
where an, bn are two given sequences. The transformation is widely used in the study of integer sequences and is
called the binomial transform. When used to accelerate the speed of convergence of a sequence, it is called the Euler
transform.
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Theorem 2. For the given sequences an, bn , we have the transformation
bn =
n∑
k=0
(
2n − k
k
)
an−k ⇐⇒ an =
n∑
k=0
(−1)n−kcn,kbk
where cn,k = 2k+1n+k+1
(
2n
n+k
)
.
Proof. Consider the inverse of Riordan array B, we have
E = B−1 =
(
1
1− x ,
x
(1− x)2
)−1
= (c(−x), xc2(−x)),
where c(x) is the generating function of the Catalan numbers. Then we get
bn =
n∑
k=0
(
2n − k
k
)
an−k ⇐⇒ an =
n∑
k=0
(−1)n−kcn,kbk
where the generating function of (cn,k)n∈N is xkc2k+1(x), k = 0, 1, 2, . . ..
By [9], the general term of Riordan array
(
1√
1−4x , xc
2(x)
)
is
(
2n
n−k
)
. Note that
xkc2k+1(x) = 1√
1− 4x · x
kc2k(x)− 1√
1− 4x · x
k+1c2k+2(x).
Then we have the general term of Riordan array (c(x), xc2(x)) is(
2n
n − k
)
−
(
2n
n − k − 1
)
= 2k + 1
n + k + 1
(
2n
n + k
)
.
Therefore
cn,k = 2k + 1n + k + 1
(
2n
n + k
)
. 
Corollary 3. The Catalan numbers are related with the Schro¨der numbers by
cn =
n∑
k=0
(−1)n−kcn,ksk . (5)
From the proof of Theorem 2, we see the general term of Riordan array (c(x), xc2(x)) is cn,k . In the case of k = 1,
it is the sequence A000245 in [8]. We further have the following properties for general k.
Theorem 4. For n ≥ 0, the sequence cn,k satisfies
n∑
k=0
cn,k =
(
2n
n
)
.
Proof. For the Riordan array (c(x), xc2(x)), consider the sequence (1, 1, 1, . . .) whose generating function is
a(x) = 11−x , then
b(x) = c(x)a(xc2(x)) = 1√
1− 4x =
∞∑
n=0
(
2n
n
)
xn .
So the result follows by the Riordan array theory. 
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Theorem 5. For n ≥ 0, the sequence cn,k satisfies
n∑
k=0
(2k + 1)cn,k = 4n .
Proof. For the Riordan array (c(x), xc2(x)), consider the sequence (1, 3, 5, . . .) whose generating function is
a(x) = 1+x
(1−x)2 , then
b(x) = c(x)a(xc2(x)) = 1
1− 4x =
∞∑
n=0
4nxn .
So the result follows by the Riordan array theory. 
Theorem 6. For the given sequences an, bn , we have the transformation
bn =
n∑
k=0
sn,kak ⇐⇒ an =
n∑
k=0
(−1)n−k tn,kbk
where the generating function of (tn,k)n∈N is 1−x−
√
1−6x+5x2
2x ·
(
1−3x−
√
1−6x+5x2
2x
)k
, k = 0, 1, 2, . . ..
Proof. Let the Riordan array
F = C−1 =
(
1
1− x ,
x
1− 3x + x2
)−1
=
(
1+ x −√1+ 6x + 5x2
−2x ,
1+ 3x −√1+ 6x + 5x2
−2x
)
.
Then we have the desired result. 
Corollary 7. The Motzkin numbers are related with the Schro¨der numbers by
mn =
n∑
k=0
(−1)n−k tn,ksk+1, (6)
3. Combinatorial proof of identity (1)
In this section, we give a combinatorial proof for the identity (1). For convenience, we denote the up step of a lattice
path as u, the down step d and the (double) horizontal step h. We define the height of a step is the larger y-coordinate
of the step, the height of a path is the largest height of its steps. The mountain of a lattice path is the subpath from an
up step of height one to the following down step of height one.
Note that the mountain of height less than three in a Dyck path is ud or u ud · · · ud︸ ︷︷ ︸
ud pairs
d, we easily have the following
property.
Proposition 8. The set of all Dyck paths of semilength n which have k mountains and are of height less than three is
enumerated by
( n
k
)
.
In order to prove the identity (1), we proceed to establish a bijection, and its domain and codomain denoted as:
φ : Dn,0 ×M0
⋃
Dn,1 ×M1
⋃
Dn,2 ×M2
⋃
· · ·
⋃
Dn,n ×Mn H⇒ Dn,
where Dn is the set of Dyck paths of semilength n, Dn,k the set of Dyck paths of semilength n with k mountains of
height at most two, andMn the set of Motzkin paths of length n ending with horizontal step, which is enumerated by
mk−1. We define the set products appearing in the domain as follows:
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For a path D ∈ Dn,k , we decompose it into k segments D = D1D2 · · · Dk , where the segment D j is the j-th
mountain of D. For a path M ∈Mk , write as M = M1M2 · · ·Mk , where M j is the j-th step of M . We map the j-th
segment D j and the j-th step M j into the j-th part Pj of a Dyck path P ∈ Dn , that is, φ(D j × M j ) = Pj . Then we
construct the corresponding Dyck path P by
φ(D × M) = φ(D1 × M1) · · ·φ(Dk × Mk) = P.
For convenience, we write D j = uQd , where u is the j-th up step of height 1, d is the j-th down step of height
1, and Q is the subpath between u and d (in fact, Q is of form ud · · · ud︸ ︷︷ ︸
i pairs ,i≥0
). Denote Q−1 as the path changing u to d,
and d to u in Q (that is, Q−1 is of form du · · · du︸ ︷︷ ︸
i pairs ,i≥0
). Now we consider each approach φ(D j × M j ) (1 ≤ j ≤ k) in the
following cases.
1. If M j = u
(a) If j = 1, then φ(D1 × M1) = uQu.
(b) If M j−1 = u, then φ(D j × M j ) = uQ−1u.
(c) If M j−1 = d , then φ(D j × M j ) = dQu.
(d) If M j−1 = h, then φ(D j × M j ) = uQu, if M j−1 is of height 0; φ(D j × M j ) = dQ−1u, otherwise.
2. If M j = d
(a) If M j−1 = u, then φ(D j × M j ) = uQ−1d .
(b) If M j−1 = d , then φ(D j × M j ) = dQ−1d .
(c) If M j−1 = h, then φ(D j × M j ) = dQ−1d .
3. If M j = h
(a) If j = 1, then φ(D1 × M1) = uQd .
(b) If M j−1 = u, then φ(D j × M j ) = uQ−1u.
(c) If M j−1 = d , then φ(D j × M j ) = dQd , if M j is of height 0; φ(D j × M j ) = dQ−1u, otherwise.
(d) If M j−1 = h, then φ(D j × M j ) = uQd , if M j is of height 0; φ(D j × M j ) = dQ−1u, otherwise.
From the construction, we easily see that P is a Dyck path of semilength n. In order to show that φ is a bijection,
we construct the reverse map φ−1.
For a Dyck path P of semilength n, we will use the induction to decompose P into k segments, and each segment Pj
is corresponding to a mountain D j of height less than 3 and a step M j , denoted as φ−1(Pj ) = D j ×M j (1 ≤ j ≤ k).
For convenience, we denote Q = ud · · · ud︸ ︷︷ ︸
i pairs, i≥0
and Q−1 = du · · · du︸ ︷︷ ︸
i pairs, i≥0
. Each approach is constructed in the following
cases:
1. We first construct P1, and the corresponding D1,M1.
(a) If the height of the first mountain of P is less than 3, then P1 is the first mountain, and φ−1(P1) = P1 × h.
(b) If the height of the first mountain of P is larger than 3, then P1 consists of the steps before the first up step of
height 3, that is, P1 = uQu, and φ−1(P1) = uQd × u.
2. Suppose we have constructed P1, . . . , Pj−1 and the corresponding D1,M1, . . ., D j−1,M j−1, then we construct
Pj , D j ,M j as follows.
(a) If M j−1 = u,
(i) If the steps after Pj−1 are uQ−1uu · · · (in the following text, we simply write as uQ−1uu), then
Pj = uQ−1u, and φ−1(Pj ) = uQd × u.
(ii) If the steps after Pj−1 are uQ−1dd . then Pj = uQ−1d, and φ−1(Pj ) = uQd × d,
(iii) If the steps after Pj−1 are uQ−1ud, then Pj = uQ−1u, and φ−1(Pj ) = uQd × h.
(b) If M j−1 = d ,
(i) If the steps after Pj−1 are dQuu, then Pj = dQu, and φ−1(Pj ) = uQd × u.
(ii) If the steps after Pj−1 are dQ−1dd , then Pj = dQ−1d, and φ−1(Pj ) = uQd × d.
(iii) If the steps after Pj−1 are dQdu, then Pj = dQd , and φ−1(Pj ) = uQd × h.
(iv) If the steps after Pj−1 are dQ−1ud, then Pj = dQ−1u, and φ−1(Pj ) = uQd × h.
(c) If M j−1 = h,
E.Y.P. Deng, W.-J. Yan / Discrete Applied Mathematics 156 (2008) 2781–2789 2787
Fig. 1. Correspondence between D × M and P .
(i) If the steps after Pj−1 are uQuu, then Pj = uQu, and φ−1(Pj ) = uQd × u.
(ii) If the steps after Pj−1 are uQ−1uu, then Pj = uQ−1u, and φ−1(Pj ) = uQd × u.
(iii) If the steps after Pj−1 are dQ−1dd , then Pj = dQ−1d , and φ−1(Pj ) = uQd × d .
(iv) If the steps after Pj−1 are uQdu, then Pj = uQd , and φ−1(Pj ) = uQd × h.
(v) If the steps after Pj−1 are dQ−1ud, then Pj = dQ−1u, and φ−1(Pj ) = uQd × h.
Then the map φ−1 : P 7→ D × M satisfying
D = D1D2 · · · Dk and M = M1M2 · · ·Mk
An example is given in Fig. 1, given a paths of D10,6
D = u u d u d d u d u u d d u u d d u d u d,
where D1 = u u d u d d, D2 = u d, D3 = u u d d, D4 = u u d d, D5 = u d, D6 = u d , and a path ofM6
M = u u d h d h,
where M1 = u,M2 = u,M3 = d,M4 = h,M5 = d,M6 = h. From the construction of φ, we get a Dyck path of
semilength 10
P = u u d u d u u u u d u d d d u u d d d d,
where P1 = u u d u d u, P2 = u u, P3 = u d u d, P4 = d d u u, P5 = d d, P6 = d d.
4. Combinatorial proof of identity (3)
In this section, we give a combinatorial proof for the identity (3). Firstly, we give a combinatorial representation of
the sequence sn,k .
Proposition 9. The set of all Schro¨der paths of semilength n which have k mountains and are of height less than three
is enumerated by sn,k .
Proof. We let P(x, z), D(x, z) and T (x, z) be the ordinary functions for the numbers of Schro¨der paths of semilength
n with k mountains of height at most 0, 1 and 2, respectively. Here, x counts half the number of steps (the semilength)
and z counts the number of mountains.
The equations for the generating functions P(x, z), D(x, z) and T (x, z) are obtained from the “first return
decomposition” of Schro¨der path. For a Schro¨der path S of height at most 2 (or 1), we have S = uS1dS2 or S = hS3,
where S1 is a Schro¨der path of height at most 1 (or 0), S2 and S3 is a Schro¨der path of height at most 2 (or 1). Similarly,
for a Schro¨der path S of height at most 0, then S = hS1, where S1 is a Schro¨der path of height at most 0. HenceP(x, z) = 1+ x P(x, z);D(x, z) = 1+ xD(x, z)+ xzP(x, 1)D(x, z);T (x, z) = 1+ xT (x, z)+ xzD(x, 1)T (x, z).
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Fig. 2. Correspondence between S × M and P .
We arrive at
T (x, z) = 1− 3x + x
2
1− 4x + 4x2 − x3 + z(x − x2) =
1/(1− x)
1− zx/(1− 3x + x2) .
Note that the generating function of (sn,k)n∈N is 11−x
(
x
1−3x+x2
)k
. Finding the coefficient of xnzk in the generating
function T (x, z), we obtain that the number of Schro¨der paths of semilength n with k mountains of height less than
three is sn,k . 
In order to prove the identity (3), we process to established a bijection ψ .
ψ : Sn,0 ×M0
⋃
Sn,1 ×M1
⋃
Sn,2 ×M2
⋃
· · ·
⋃
Sn,n ×Mn H⇒ Sn,
where Sn is the set of Schro¨der paths of semilength n, Sn,k the set of Schro¨der paths of semilength n with k mountains
of height at most two. We define the set products appearing in the domain as follows:
For a Schro¨der path S ∈ Sn,k and a Motzkin path M ∈Mk , we omit the horizontal steps of S and reduce to a Dyck
path S′ with k mountains of height at most two. Using the bijection φ in Section 3, we obtain a Dyck path P ′. It leads
to a Schro¨der path P by inserting horizontal steps into the corresponding place of P ′. That is, if the i-th step of S is a
horizontal step, then we insert a horizontal step into P ′ as the i-th step of P .
An example is given in Fig. 2, given a path of S12,6
S = u u d h u d d u d u u h d d u u d d u d u d,
and a path ofM6
M = u u d h d h.
The corresponding Schro¨der path of semilength 12 is
P = u u d h u d u u u u d h u d d d u u d d d d.
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